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The spin-orbit coupling can lead to exotic states of matter and unexpected behavior of the system
properties. In this paper, we investigate the influence of spin-orbit coupling induced by proximity
effects on a monolayer of superconductor (with s-wave or d-wave pairing) placed on an insulating
bulk. We show that the critical temperatures Tc of the superconducting states can be tuned by
the spin-orbit coupling both in the case of on-site and inter-site pairing. Moreover, we discuss a
possibility of changing the location of the maximal Tc from the half-filling into the underdoped or
overdoped regimes.
I. INTRODUCTION
The proximity effects may occur in a situation, when
two different metals are brought together [1]. In fact,
the proximity effects can be treated as a leakage of some
physical properties or quantities from one to another
material. As a consequence, for a material that does
not posses particular features, a contact with a source
material is sufficient enough to acquire them. For the
first time it was observed in a superconductor/normal
metal/superconductor (S/N/S) junction [2]. The prox-
imity effect is also experimentally observed as a super-
current inside an insulator placed between two supercon-
ducting materials [3] – a well-known Josephson effect [4].
In modern physics, the proximity effects play an im-
portant role in many aspects of spintronics [5–8], where
electron spins are exploited as an additional degree of
freedom. In this context, the possibility of manipula-
tion of single spins by, e.g., inversion symmetry breaking
effects is an important issue. The spin-orbit (SO) cou-
pling [9–11], which mixes two spin directions [12], is an
example of such an effect. As a consequence, the spin is
not longer a good quantum number. These facts lead to
several interesting phenomena, which can be applicable
in spintronics devices [13–16], e.g., as data storages [17]
or quantum computers [18–20].
Recently, a combination of the proximity effects and
the SO coupling plays an important role in studying dif-
ferent types of junctions or heterostructures. An exam-
ple of that is the interplay between superconductivity
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and ferromagnetism (F), which can be experimentally
investigated in S/F/S Josephson junctions. That inter-
play leads to in- and out-of-plane magneto-anisotropies
of the Josephson currents [21, 22], whose direction is con-
trolled by the strength of the SO coupling [23]. In these
heterostructures the interfacial Rashba SO coupling has
been proposed as the mechanism from which the spin-flip
Andreev reflection stems [24].
Similar behavior can be also helpful in realisation of the
Majorana quasi-particles [25–27] in nanoobjects, such as
quantum wires [28]. Recent experiments describe obser-
vation of the Majorana bound states in strongly SO cou-
pled wires, which acquire superconductivity from prox-
imity effects [29–35]. Similar effects are expected in su-
perconducting layers deposited on topological insulators.
In such systems, non-trivial topological states can be in-
duced inside superconducting vortices [36, 37]. The SO
coupling induced in a superconductor through the prox-
imity of strongly SO coupled topological insulator is also
observed.
Motivation. — Examples presented above show a
crucial role of proximity effects on the properties of the
system. Recent experiments revealed an extraordinary
increase of the critical temperature of the the FeSe mono-
layer grown on (001) surface of SrTiO3 from 8 K [38]
exceeding to 65 K [39–42]. Growth on the (110) surface
of SrTiO3 is also possible and it gives an increase of the
critical temperature up to 31.6 K [43–45]. It should be
mentioned that the surface of the SrTiO3 exhibits an ef-
fective spin-orbit effect [46]. It is generally agreed that
mutual exchange of properties between surface and sub-
strate leads to this unusual phenomena. In this context,
it seems interesting to study a possible effects of the in-
duced SO coupling in superconducting monolayer, which
does not show it initially. In this case, changes of global
physical properties of such a layer can lead to some novel
2and unexpected effects, as we show further in this work.
The qualitative process of the induction of an effec-
tive SO coupling by proximity effect can be explained in
the following way. The intrinsic SO coupling existing in
the bulk substrate modifies wave functions of electrons
located in the bulk. A finite hybridization, arising from
the overlapping orbitals of atoms in the substrate and the
layer, leads to a modification of the band structure of the
electrons belonging to the layer [47]. Effects of this mod-
ification of band structure can be described effectively as
a spin-orbit coupling in the layer induced by proximity
effects.
The presented idea of the induced SO coupling by
proximity effects is realizable experimentally, e.g. in
the form of Bi2Te3/Fe1+yTe [48], WS2/graphene [49], or
Au/graphene [50] heterostructures, graphene at antifer-
romagnetic substrate [51], and carbon nanotubes cou-
pled to a superconducting substrate [52]. In these sys-
tems the proximity effects are crucial for the occurrence
of the SO coupling. Also some other modifications of
the heterostructures can lead to the SO coupling, e.g. a
change of the impurity structure. These types of manipu-
lations of the effective SO coupling based on the proxim-
ity effects is realised in non-magnetic/ferromagnetic bi-
layer [53]. However, also other possibilities of the induced
SO coupling are studied. A good example is the gener-
ation of the SO coupling in hydrogenated graphene [54]
or by the presence of impurities in graphene [55].
It should be mentioned that the situations described
above are different from that where the SO exists in the
whole volume of bulk material. In such groups of systems
one can distinguish e.g. topological insulators [12, 56, 57]
or topological superconductors [58–62]. In the latter case
superconductivity exists in the presence of the SO, what
effectively leads to the emergence of the p-wave gap sym-
metry from a conventional s-wave one [62–67]. Moreover,
a coexistence of both phenomena is useful for a manipu-
lation of the properties in different types of junctions [68].
In this work we analyze the effects of spin-orbit cou-
pling on the critical temperature of a superconducting
layer (with both s-wave and d-wave effective pairing)
placed on the surface of an insulator. We solve the ef-
fective model for the layer and determine critical tem-
peratures as functions of the SO coupling and chemical
potential. It is shown that for fixed spin-orbit interaction
the maximal critical temperature occurs in the system
with optimal electron doping away from half-filling.
Next parts of this work are organized as follows. In
Section II, we describe the model and method used,
whereas in Section III the numerical results are pre-
sented. Section IV is devoted to the discussion of de-
rived numerical results. Finally, a summary and final
comments are included in Section V.
FIG. 1. Schematic representation of the analyzed interface
(left) and its effective model (right). We assume an exis-
tence of a two-dimensional superconducting (SC) monolayer
placed on a surface of an insulator with a strong spin-orbit
coupling (SOC). We study the superconducting layer with
half-spin particles (red and blue balls denotes opposite spins),
which can move between sites of the lattice (e.g., between
the nearest-neighbors with hopping amplitude t). The on-
site (Uii) or inter-site (Uij) attractive (negative) interactions
(schematically indicated by yellow areas) are sources of a
singlet pairing. An effective spin-orbit coupling interaction
(VSO) in the layer is introduced by proximity effects from the
bulk SOC material.
II. MODEL AND METHOD
For theoretical studies of the systems described in pre-
vious section we analyze the following model. The con-
sidered system is schematically shown in Fig. 1 (the left
panel). The superconducting monolayer creates an inter-
face with substrate with strong spin-orbit coupling (these
two materials are denoted by SC and SOC, respectively).
Because of the proximity effects between SC and SOC,
the SO coupling originating from the SOC material en-
ters the SC layer. We describe this scenario, emphasis-
ing the role of the induced SO coupling, by the effec-
tive model illustrated schematically in the right panel
of Fig. 1) and described in detail below (Eq. (1)). In
our analyses we do not assume a type of superconduc-
tivity occurring in the material from which the mono-
layer is made. Thus, we consider both on-site Uii and
inter-site Uij pairing interactions (shown by yellow ar-
eas) between two electrons with opposite spin (singlet
pairing). This allows us to consider both s-wave and
d-wave superconductors. In the considered model, elec-
trons with both directions of spin (represented by blue
and red balls) can move in the superconducting plane
between nearest-neighbor (NN) sites with hopping inte-
gral t and next-nearest-neighbors (NNN) with hopping
amplitude t′ (not shown in the schematic picture).
We describe our system by a tight-binding model with
the Rashba-type SO interaction [69, 70]. The Hamil-
tonian acquires the form Hˆ = Hˆ0 + HˆI + HˆSO, where
Hˆ0 denotes the non-interacting term (free electrons),
HˆI denotes the interaction between electron with oppo-
site spins (source of superconductivity in the system),
whereas HˆSO describes the spin-orbit coupling. The
3terms of the Hamiltonian have the following forms:
Hˆ0 =
∑
ijα
(−tij − µδij) cˆ†iαcˆjα,
HˆI =
∑
ij
Uij cˆ
†
i↑cˆi↓cˆ
†
j↓cˆj↓, (1)
HˆSO = iVSO
∑
iαβ
(
cˆ†iασ
αβ
x cˆi+yˆβ − cˆ†iασαβy cˆi+xˆβ + h.c.
)
,
where cˆiα (cˆ
†
iα) is the annihilation (creation) operator
of an electron at i-th site with spin α ∈ {↑, ↓}, tij is
the hopping integral between i-th and j-th sites, µ is the
chemical potential, and Uij < 0 is the pairing interaction.
We consider both, the on-site interaction Uij = Uδij cor-
responding to s-wave, and inter-site interaction between
nearest neighbors Uij = U (δi±xˆ,j + δi±yˆ,j) correspond-
ing to d-wave symmetry of the energy gap [71]. Here,
VSO denotes the strength of the effective Rashba SO in-
teraction induced by the proximity effects, while σαβτ is
αβ-component of the Pauli matrix σˇτ (τ ∈ {x, y}). Fi-
nally, µ is the chemical potential, which determines the
filling of the system.
In the momentum space, after employing the broken-
symmetry Hartree-Fock mean-field approximation, the
Hamiltonian terms (1) are rewritten in the following
forms:
Hˆ0 =
∑
kα
E¯kαcˆ
†
kαcˆkα,
HˆI = U
∑
k
(
∆0γ(k)cˆ
†
k↑cˆ
†
−k↓ +∆
∗
0γ(k)cˆ−k↓cˆk↑
)
,
− U
∑
k
|∆0|2γ2(k) (2)
HˆSO =
∑
kαβ
(
Vˇk
)
αβ
cˆ†
kαcˆkβ ,
where E¯kα = Ek − µ and
(
Vˇk
)
αβ
is αβ-component
of Vˇk = 2VSO(sin(ky)σˇx − sin(kx)σˇy). In the case of
a square lattice with hopping between nearest neigh-
bors, tij = t (δi±xˆ,j + δi±yˆ,j), and next-nearest neigh-
bors, tij = t
′
(
δi±(xˆ+yˆ),j + δi±(xˆ−yˆ),j
)
, the dispersion
relation is given by Ek = −2t(cos(kx) + cos(ky)) −
4t′ cos(kx) cos(ky). The coefficient γ(k) describing the
symmetry of the order parameter is either 1 or cos(kx)−
cos(ky) for the s-wave and d-wave symmetry, respec-
tively [71–73]. Finally, ∆0 = 1/N
∑
k
〈cˆ−k↓cˆk↑〉 is
the amplitude of the superconducting order parame-
ter, which is determined variationally by minimizing the
grand canonical potential, cf. also Refs. [71, 74, 75]. No-
tice that in Hamiltonian (2) we only left terms associated
with (extended) BCS-type pairing – the total momentum
Q of the Cooper pair is zero: |Q| = 0 [73, 75–77]. This
assumption is valid only if the SO coupling in the mono-
layer is induced by proximity effects.
FIG. 2. The lower and upper Rashba bands for VSO = 2t
in the absence of the next-nearest-neighbor hopping (t′ = 0)
and superconductivity (∆0 = 0) in the first Brillouin zone for
a system on the square lattice.
A. Absence of superconductivity
When there is no superconductivity in the system, i.e.,
if ∆0 = 0 is assumed, from the diagonalization of the
Hamiltonian Hˆ0 + HˆSO, we retrieve two bands, namely,
the upper and lower Rashba bands. The eigenprob-
lem (Hˆ0 + HˆSO)|Ψk,±〉 = εk,±|Ψk,±〉 gives the following
eigenvalues:
εk,± = E¯kα ± 2VSO
√
sin2(kx) + sin
2(ky), (3)
and eigenstates: |Ψk,α〉 = Ψˆ†k,α|0〉 (α = +,−), where(
Ψˆ†
k,+
Ψˆ†
k,−
)
=
1√
1 + ζ2
k
(
1 ζk
−ζk 1
)(
cˆ†
k↑
cˆ†
k↓
)
(4)
and
ζk = (5)(
Vˇk
)
↑↓
1
2
(
E¯k↑ + E¯k↓
)
+
√
1
4
(
E¯k↑ + E¯k↓
)2
+
∣∣∣ (Vˇk)
↑↓
∣∣∣2 .
We find fourfold-degenerate minimal energy at the non-
analytical points kx = ±ky given by the equation√
2 tan(kx(y))
(
t+ 2t′ cos(kx(y))
)
= 0. There are also four
saddle points near the energy minimum points, which are
located at k = (0,±atan(VSO/t)) and (±atan(VSO/t), 0).
The lower and upper Rashba bands correspond to minus
“−” and plus “+” signs in above formulas, respectively,
for VSO = 2t and t
′ = 0 are shown in Fig. 2.
B. Including superconductivity
Introducing the Nambu spinors Φˆk =
(cˆk↑, cˆk↓, cˆ
†
−k↑, cˆ
†
−k↓)
T , the total Hamiltonian (2)
including all terms can be rewritten in the matrix form,
Hˆ =
1
2
∑
k
Φˆ†
k
HkΦˆk +
1
2
∑
kσ
(
E¯kσ − U |∆0|2γ2(k)
)
,(6)
4where
Hk = (7)

E¯k↑
(
Vˇk
)
↑↓
U∆0γ(k) 0(
Vˇk
)∗
↑↓
E¯k↓ 0 U∆0γ(k)
U∆∗0γ(k) 0 −E¯−k↑ −
(
Vˇ−k
)
↓↑
0 U∆∗0γ(k) −
(
Vˇ−k
)∗
↓↑
−E¯−k↓


.
In the above expression
(
Vˇk
)
αβ
correspond to the ma-
trix elements of the spin-orbit coupling matrix Vˇk defined
previously. The grand canonical potential of the system
is determined by
Ω =− 1
2
kBT
4∑
k,n=1
ln
(
1 + exp
(−λkn
kBT
))
(8)
+
1
2
∑
kσ
(
E¯kσ − U0|∆0|2γ2(k)
)
.
where λkn (n = 1, ..., 4) are the eigenvalues of Hk matrix,
which is given by (7). T is the absolute temperature.
III. NUMERICAL RESULTS
The calculations are carried out for a two dimensional
square lattice of a size NX×NY = 200×200 with the pe-
riodic boundary conditions. In the case of the BCS state
this size corresponds to the thermodynamic limit [78].
We find the ground state of the system as the global min-
imum of Ω with respect to ∆0 for a given set of model
parameters {µ, VSO, T }, using the procedure described in
Ref. [79]. We take the NN hopping (|t| = 1) as the energy
unit, while the NNN hopping is set as t′ = −0.1t. As a
consequence, the half-filling (i.e., n = 1) is attained for
µ/t = 0 and µ/t = −0.4 in the absence and in the pres-
ence of the NNN hopping, respectively. Moreover, in all
of our calculations presented here, we set the interaction
strengths to U/t = −2 and U/t = −1.25 for s-wave and
d-wave symmetry, respectively. These choices of U inter-
actions give approximately equal critical temperatures Tc
at half-filling in the absence of the NNN hopping for both
symmetries considered. Nevertheless, the choice of spe-
cific values of attractive U < 0, at least for not very large
values of |U |/t [75], should not change qualitatively the
results presented further in the paper.
A. Absence of the NNN hopping (t′ = 0)
We start analyzing the influence of the spin-orbit cou-
pling VSO on the critical temperature Tc as a function of
the chemical potential µ in the absence of the NNN hop-
ping (t′ = 0). The electron concentration n (the filling of
the system) is a monotonously increasing function of µ.
We define Tc as the temperature, at which the amplitude
of the superconducting order parameter ∆0, vanishes for
a given {µ, VSO}. As we will show Tc = Tc(µ, VSO) is not
a trivial monotonic function of µ and VSO. All transi-
tions found in the system are second-order (continuous)
ones.
The phase diagrams for a few values of VSO are pre-
sented in Fig. 3. For VSO = 0, we find monotonic decreas-
ing behavior of Tc as a function of |µ| with maximum at
the half-filling (for µ = 0), i.e., Tmaxc (VSO = 0) = Tc(µ =
0, VSO = 0). Switching the SO coupling on, the situation
changes and the maximal Tc is located away from the
half-filling (for µ 6= 0), i.e., Tmaxc (VSO 6= 0) = Tc(µ 6=
0, VSO 6= 0). For fixed VSO 6= 0, Tc is a non-monotonous
function of µ with a local minimum at µ = 0. However,
for small enough SO values, smaller than VSO ≈ 0.36t,
the behavior changes very slightly and it cannot be seen
unambiguously. The continuous increase of Tc as the
doping increases leads to a growth of Tc due to the pres-
ence of the SO coupling. The same qualitative behavior
is observed in both symmetry cases, but there are some
quantitative differences between them. Particularly, from
Fig. 3 it is seen that the superconductivity is more sen-
sitive to the doping for d-wave symmetry, i.e., for fixed
VSO temperature Tc varies more with changing µ in the
presence of d-wave pairing. In contrary, VSO suppresses
s-wave superconductivity stronger (i.e., Tc(µ = 0, VSO)
at half-filling decreases faster with increasing of VSO for
the s-wave case).
In order to gain a better understanding of the situa-
tion, we plot Tc, but this time as a function of the SO
coupling for several values of the chemical potential, as
shown in Fig. 4. It is found that for fixed µ the Tc is
not a monotonously decreasing function of VSO (if the
chemical potential, or equivalently doping, is away from
half-filing). For small values of VSO, an increase of the
SO coupling reduces Tc. However, at sufficiently large
FIG. 3. Critical temperature as a function of the chemical
potential µ for several spin-orbit coupling strengths VSO (as
labeled) for a square lattice in the absence of the next-nearest-
neighbor hopping (t′ = 0). Two types of superconductivity
are considered: (a) s-wave and (b) d-wave.
5FIG. 4. Critical temperature as a function of the spin-
orbit coupling VSO for several chemical potential values µ (as
labeled) in the absence of the next-nearest-neighbor hopping
(t′ = 0). Two types of superconductivity are considered: (a)
s-wave and (b) d-wave.
µ and for larger values of the SO coupling, the temper-
ature Tc increases again. This revival is clearly seen in
this cross-section of the kBT versus VSO phase diagrams,
where the critical temperature for larger |µ| exceeds the
values obtained at lower values of µ, particularly those
derived for the half-filling.
B. Presence of the NNN hopping (t′ 6= 0)
Next, we investigate the behavior of the system in the
presence of the NNN hopping (t′ = −0.1t). In such a
case the dependence of Tc a function of µ losses its sym-
metry around half-filling, see Fig. 5 and Fig. 6. Similarly
as before, we observe a substantial influence of the spin-
orbit coupling on µ-dependence of Tc, which is stronger
FIG. 5. Critical temperature as a function of the chemical
potential µ for several spin-orbit coupling values VSO (as la-
beled) for a square lattice in the presence of the next-nearest-
neighbor hopping term (t′ = −0.1t). Two types of super-
conductivity are considered: (a) s-wave and (b) d-wave. The
half-filling condition corresponds to µ = −0.4t.
FIG. 6. Critical temperature as a function of the spin-orbit
coupling, VSO, for several chemical potential values, µ, (as la-
beled) in the presence of the NNN hopping (t′ = −0.1t). Two
types of superconductivity are considered: (a), (b) s-wave
and (c), (d) d-wave. The half-filling condition corresponds to
µ = −0.4t. Panels (a) and (c) presents curves for underdoped
system, whereas panels (b) and (d) are obtained in overdoped
regime.
in the d-wave symmetry case. Again, we obtain a growth
of Tc over its half-filling value as the chemical poten-
tial changes away from the half-filling for fixed VSO > 0
(Fig. 5). However, the value of maximal Tc in the over-
doped regime (i.e., µ > −0.4t) is larger than that ob-
tained for underdoped system (i.e., µ < −0.4t). Tc as
a function of VSO for fixed µ exhibits similar properties
as discussed for t′ = 0 previously, although the values
of Tc for underdoped and overdoped system differ from
each other (Fig. 6) As we indicated before, the half-filling
condition n = 1 for the model parametr used corresponds
to µ = −0.4t. One should remember that the value of
Tc, for a given {µ, VSO}, depends also on t′.
IV. DISCUSSION
Now we will discuss our results in terms of (i) the
density of states of the non-interacting system and (ii)
the non-trivial superconductivity induced by the SO cou-
pling. In relation to superconducting state, the density
of states of the non-interacting system at the Fermi level
affects the critical temperatures and critical magnetic
6fields. This relation between these macroscopic and mi-
croscopic quantities has been described in the pioneering
papers of Bardeen, Cooper, and Schrieffer [76, 77]. On
the other hand, the existence of the SO coupling in the
system leads to a mixing of electron states with oppo-
site spins, what is clearly seen in the expressions for the
eigenvectors of non-interacting system given by Eq. (4).
As a consequence, we can expect a realisation of the non-
trivial triplet pairing in the system [62–67].
A. Density of state
To understand the behavior of the system described
in the previous section, i.e., the dependence of Tc as a
function of µ and VSO, we calculate the non-interacting
partial density of states (DOS) [80]:
ρ±(E) =
1
N
∑
k
δ (εk,± − E) , (9)
where the eigenvalues εk,± of the Hˆ0 + HˆSO are given by
Eq. (3). In our case the total density of states is given
by ρ(E) = ρ+(E) + ρ−(E).
In Fig. 7, we present DOS for both t′ = 0 and t′ 6= 0
cases for different values of VSO. We retrieve symmetric
profiles around E = 0 in the absence of the NNN term
as expected (Fig. 7(a)). On the contrary, in the presence
of the NNN hopping, the symmetry around E = −4t′ is
lost. This fact reflects the behavior already retrieved in
the T versus µ phase diagram presented in Figs. 3 and 5.
From the results presented in Fig. 7 one can conclude
that a non-zero SO coupling VSO leads to (i) a division
of the van Hove (central) peak in ρ(E) at E = −4t′, and
(ii) the emergence of additional peaks near both band
edges. The changes reported in the DOS are the result
of the modifications of the band structure due to the SO
coupling (Fig. 8(a)). The double-peak structure of ρ(E)
FIG. 7. The non-interacting total density of states for (a)
t′ = 0 and (b) t′ = −0.1t and for several values of VSO (as
labeled). The Fermi level is located at E = −4t′ for the half-
filling. The shape of the non-interacting density of states is
not dependent on µ. Only the Fermi level EF depends on µ
(EF = µ− 4t′).
FIG. 8. (a) The band structure along high symmetry points
Γ–X–M–Γ (left inset for locations of the points) for t′ = 0
(solid lines) and t′ = −0.25t (dashed lines): the electron band
structure (for VSO = 0) is represented by the black lines,
whereas the lower and the upper Rashba bands for VSO = 1t
are indicated by red and green lines, respectively. The lower
panels show the total (ρ(E), black line) and partial (ρ∓(E),
red and green lines for the lower and the upper Rashba bands)
densities of states for (b) t′ = 0 and (c) t′ = −0.25t, with
spin-orbit coupling VSO = 1t.
near E ≈ −4t′ is the result of an existence of energy
local minima (maxima) of the dispersion relation near
points X and Y of the Brillouin zone in the lower (upper)
Rashba band (cf. also Fig. 2 for t′ = 0). On the contrary,
the peaks at the edges are due to the existence of four
saddle points in every Rashba band with energies Esad =
∓2t
(
1 +
√
1 + (VSO/t)2
)
near Γ and M points, where ∓
signs correspond to the lower and upper Rashba bands,
respectively.
Assuming that the critical temperature is given
by the standard BCS formula, then one gets Tc ∼
exp(−1/ρ(EF )) [76, 77]. It is rather justified for the val-
ues of U/t considered in the present work. Using the
relation between total and partial DOS, we obtain that
Tc ∼ exp[−1/(ρ+(EF )+ρ−(EF ))], where EF = µ−4t′ in
a case of the square lattice with the NNN hopping con-
sidered here. To illustrate this fact, the two partial DOS
are presented in Figs. 8(b) and (c). A direct comparison
with Fig. 7 shows that the greatest influence on the to-
tal DOS comes only from one Rashba band. In the case
of the underdoped system it is the lower Rashba band,
while in the overdoped case the upper Rashba band is
the crucial one.
In the results presented in this paper, for Tc as a func-
tion of µ and for VSO 6= 0, we have not found any conse-
quences of the existence of the additional narrow peaks
7in the DOS ρ(E) at both edges of the Rashba bands.
It can be due to the fact that these peaks are located
solely at the Fermi level for very small either electron
or hole concentrations in the system (i.e., at n ≈ 0 or
n ≈ 2, respectively). However, this behavior can have an
important role in extremally dilute systems, e.g., in the
BCS-BEC crossover region [81–83].
B. Non-trivial pairing
As it was indicated above, in the presence of the SO
coupling the electron spin is not longer a good quantum
number. Despite the fact that we have labeled the sys-
tem under our consideration to present either s-wave or
d-wave symmetry of the superconducting order param-
eter, the SO coupling can effectively introduce a p-wave
superconductivity. This possibility is well known and
described in the literature, e.g., Refs. [62–67]. In this
aspect a mutual relation between the pairing in electron
and quasiparticle spaces is important (see Appendix A).
As a consequence of this matter, it is possible to realise
the non-trivial triplet pairing in the considered system
in the presence of the SO coupling, even if conventional
pairing (for both initial gap symmetries, i.e. s-wave and
d-wave) is a source of superconductivity.
This issue can be described by a transformation, which
changes the basis from the original one into the helicity
basis and one can find a ratio (cf. Eq. (A4)) between
triplet and singlet pairing (more details can be found
in Appendix A). This ratio is a non-trivial function of
the doping µ, the NNN hopping t′, and the SO coupling
VSO. We found that this ratio is an increasing function of
VSO and doping in the neighborhood of the half-filing. It
changes from zero (at half-filing and small VSO) to a few
tens (at optimal doping, i.e., doping for which Tc is the
largest one at fixed VSO). Moreover, it depends on the
momentum as consequence of non-isotropic symmetry of
the gap in considered system (i.e., for d-wave case).
V. SUMMARY AND FINAL REMARKS
The spin-orbit coupling can lead to different unex-
pected behaviors in various systems. In this paper, we
discuss the influence of the spin-orbit coupling on super-
conducting states in the presence of on-site (s-wave) or
inter-site (d-wave) pairing in a monolayer with spin-orbit
coupling induced by the proximity effects. In particular,
we discuss the temperature versus doping phase diagram
in detail. In our work, tuning the doping away from the
half-filling, we demonstrate that the critical temperature
can be a non-monotonic function of the spin-orbit cou-
pling. Moreover, we have shown that for fixed value of
the spin-orbit interaction the maximal value of the criti-
cal temperature is obtained for the underdoped or over-
doped regimes, i.e., away from half-filling. Therefore, our
results highlight the effects of the spin-orbit coupling on
superconducting properties of the system.
These results may be particularly relevant due to the
feasibility of experimental realization of superconducting
nano- and spintronics devices where a temperature de-
pendence on the spin-orbit coupling using doped systems
can enhance critical temperatures Tc significantly rather
than those at half-filling. It could be of a great impor-
tance due to the fact that for applications of supercon-
ducting materials systems with larger Tc are preferred.
The modifications of the Tc by the spin-orbit coupling
have been also discussed within the Werthamer-Helfand-
Hohenberg (WHH) theory [84], which describes the or-
bitally limited upper critical field of dirty II-type super-
conductors. In the WHH theory Tc is found as a function
of a parameter describing the system [85], e.g., it can be
the SO coupling. Similarly as the findings of the present
work, the WHH theory predicts that an increase of the
spin-orbit coupling can lead to an increase of Tc [86].
Moreover, similar behavior of Tc can be observed in sys-
tems with non-trivial p-wave pairing [87].
Presented results have been described in the context
of solid state physics, e.g., a superconducting monolayer
on a surface of an insulator with strong spin-orbit cou-
pling (e.g., topological insulator). In this system, as a
consequence of the proximity effects, the SO is induced
in the layer and affects the physical properties of the su-
perconductor. However, the investigations of the effects
of the SO coupling on superconductivity beyond the de-
scribed heterostructure can be performed with ultracold
atomic gases on the optical lattices. [88]. The realisa-
tion of the artificial SO coupling in such systems is possi-
ble [64, 89–92]. Such experiments are important towards
to an experimental realization of atomic superfluids with
topological excitations.
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8FIG. 9. Schematic illustration of the influence of the SO cou-
pling on the band structure. (a) In the presence of the SO the
spin degeneracy is lifted and two Rashba bands |Ψk,α〉 with
different indexes (α = −,+) of pseudospin (helical spin tex-
ture) arise (the arrows mark the pseudospin directions). The
lower |Ψk,−〉 and upper |Ψk,+〉 Rashba bands are denoted by
red and blue lines, respectively. Examples of the intra-band
(panel (b)) and inter-band (panel (c)) pairing are shown.
Appendix A: Non-trivial superconductivity induced
by the spin-orbit coupling
Formally, in the original basis, the singlet Cooper pairs
are described by the Hamiltonian (2). It formally corre-
sponds to a pairing of electrons with opposite spin and
momentum. An existence of the SO coupling in the sys-
tem leads to a mixing of the spins, what is clearly shown
by Eq. (4). As a consequence, in the non-interacting sys-
tem, one can discuss an existence of the lower and upper
Rashba bands, what have been described in Sec. II A.
Technically, the Hamiltonian of the system in the pres-
ence of superconductivity can be rewritten in a helicity
basis of eigenstates (4). Then, the matrix form (7) of
Hamiltonian is formally given as Hˆ = 12
∑
k
ϕˆ†
k
H¯kϕˆk +
const., where
H¯k =


εk,+ 0 ∆˜++(k) ∆˜+−(k)
0 εk,− ∆˜−+(k) ∆˜−−(k)
∆˜∗++(k) ∆˜
∗
−+(k) −ε−k,+ 0
∆˜∗+−(k) ∆˜
∗
−−(k) 0 −ε−k,−

 ,(A1)
ϕˆk = (Ψˆk,+, Ψˆk,−, Ψˆ
†
−k,+, Ψˆ
†
−k,−)
T , and Ψˆk,± are de-
fined by (4), for details cf. Ref. [66]. Similarly as pre-
viously, ”plus” or ”minus” signs correspond to helicity
basis (i.e., the Rashba bands). Superconducting order
parameters (SOP) ∆˜++ and ∆˜−− describes the intra-
band pairing, whereas parameters ∆˜+− and ∆˜−+ are as-
sociated with the interband pairing (what is schemat-
ically shown in Fig. 9). Notice that they are depen-
dent on k. The new SOP in the helicity basis are de-
fined as ∆˜αβ = 〈Ψˆ†−k,αΨˆk,β〉. The first type of pairing
(α = β) corresponds to singlet pairing of electrons in
the helicity basis (Fig. 9(b), it contains not only s-wave
but also d-wave and higher angular momentum contribu-
tions), while the second one (α 6= β) is associated with
the triplet pairing in the helicity basis (Fig. 9(c), it con-
tains not only p-wave but also f-wave and higher angular
momentum contributions).
Using transformation (4), one can express the SOPs in
the helicity basis by the SOP in the original basis [74, 93]:
∆˜++(k) = ∆˜−−(k) =
= U∆0γ(k)
1 + ζkζ−k√
1 + ζ2
k
√
1 + ζ2−k
, (A2)
∆˜+−(k) = −∆˜+−(k) =
= U∆0γ(k)
ζk − ζ−k√
1 + ζ2
k
√
1 + ζ2−k
, (A3)
where ζk is given by Eq. (5) From this relations, the
ratio between triplet and singlet component of the non-
isotropic gap superconductor depends on momentum and
can be express as:
ηk =
∆˜+−(k)
∆˜++(k)
=
ζk − ζ−k
1 + ζkζ−k
. (A4)
Notice also the fact that |∆˜+−(k)|2+ |∆˜++(k)|2 = |∆0|2.
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